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SUMMARY 
This paper is concerned with resonance oscillations occurring when a piston executes small oscillations on 
one end of a pipe which is open to the atmosphere at the other end. According to linear theory very large 
amplitudes of pressure and velocity oscillations in the gas in the pipe result when the piston is oscillated 
with an angular frequency near ~ao/2L , where a o is the sound velocity of the gas and L the length of the 
pipe. In tile theory of resonators, due to Helmholtz and Rayleigh and discussed in section I ,  radiation from 
the open end is taken into account. Then resonance occurs at a frequency slightly below ~Oo, and amplitudes 
are still very large, as is shown in section I. Therefore a nonlinear theory is developed here, analogous to
previous work on resonance oscillations in closed pipes. In section 2 the boundary conditions at the open end 
are formulated based on the fact that the reservoitconditions areconstant at inflow but vary at outflow, since 
the gas issues as a jet. This difference results in a net efflux of energy to be balanced by the work done 
by the piston. In sections 3-q a perturbation theory is developed in terms of the characteristics of motion. 
The pertinent perturbation parameter is suggested by the energy balance. An ordinary differential equation 
for the first order perturbation in the quasi-steady state is obtained in section 7. In section 8 experimental 
results are presented together with results obtained from numerical integration of the above mentioned equation. 
The results, showing a satisfactory agreement, indicate that further experimental investigation on the con- 
ditions at the open end are needed. 
i. Introduction. 
X-O 
air 
x-L 
Figure h Open pipe with oscillating, piston at one end. 
A circular pipe with cross section ~rR 2 and length L is open to the a tmosphere  
at x = 0 (see figure i). At  x = L a piston executes harmonic  oscillations 
with amplitude 6 and angular f requency to. When 5 /L  is very  smal l  acoustic 
theory may be used to find the disturbance velocity u and the disturbance 
pressure  p -Po  due to a piston d isp lacement  5 cos tot. The  result is, 
(see e.g. (i)), 
tox 
u = - to6 sin wt cos , 
ao 
coL (1 i) COS 
ao  
P - Po  6to wx  
Po ~,ao cos  wt s in ao 
wL cos  (i. 2) 
ao 
a is the sound velocity in the air and T the ratio between specific heats. 
~hen to attains the value 
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ao 
~o = 2 L (i. 3) 
(i. i )and (i. 2) yield infinite values. The reason for this is that whereas 
for to <t0 o and m > t0o u and p - Po are 90 ~ and - 90 ~ out of phase at the 
piston, they are in phase at ~ = ~0 o. The piston therefore does a nonzero 
amount  of work  on the gas. Since this is not balanced by any energy 
consuming  mechan ism,  amplitudes continue to grow. This is contrary to 
observation. In the classical theory of resonators due to Helmholtz and 
Rayleigh, deseribedin the latter's "The Theory of Sound ''(I), this prob lem is 
solved by invoking mechan isms which are negligible in a linear theory. 
The mechan ism which keeps amplitudes finite at resonance is in Rayleigh's 
theory the radiation of energy f rom the open end. At some distance this 
may be considered as the site of a source of strenght ~R 2u. On  the basis of 
acoustical theory the velocity potential is accordingly 
R 2u  ( t  - r /ao)  
4r 
a~ 
At  va lues  of r, such  that R << r << L,  the ve loc i ty  
R2fl (t - r /a  o) a._!= 
8r  r a o 
The mean va lue  of the rad ia ted  energy  E is 
p ao / (~)  2 ds, 
is 
(1 .4 )  
where the integration is over a sphere of radius r. 
Hence 
p R4  ~2~2 
E , ~ be ing  the ampl i tude  of u. 
a o 
The  mean work  done  by  the p i s ton  is w i th  a p i s ton  ve loc i ty  ~05 and  a dis-  
tu rbance  pressure  pou/a  o, of the order  po~o6~/a o. 
Mak ing  use  of (I. 3) and  
dp] = TP? = ao2 
o ~o " (1 .5 )  
we obta in  f rom the energy  ba lance  
o(RL~) 2~'7 = 9 (i. 6) 
In this way  finite, though still very  large,  ampl i tudes  are  obta ined,  In 
fact the ampl i tudes  of ve loc i ty  and  pressure  as pred ic ted  by  this c lass ica l  
theory  a re  many t imes  la rger  than actua l ly  measured .  Wi th  (R /L )  2 of 
o rder  6 /L  it fo l lows  f rom (1.6)  and  (1.3)  that in a ir  ve loc i t ies  of severa l  
hunderds  m/s  can  be expected .  In p ract i ce  they  are  of o rder  i m/s ,  wh ich  
is s t i l l very  la rge  w i th  respect  to the ve loc i t ies  at off resonance  f requenc ies ,  
wh ich  are  w i th  5 = 0(10-3m)  and  L = 0(ira) typical ly  of o rder  of cm/sec .  
Wi th  this in mind  the resonance  phenomenon is t reated  in this paper  as a 
non l inear  one,  us ing  the method  of character i s t i cs .  Th is  has  been  a success -  
ful approach  in the case  of resonance  in c losed  p ipes.  It has  been  shown both  
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theoret i ca l l y  and  exper imenta l ly  that in that case ,  and  in the ana logous  case  
of osc i l la t ions  of fluid w i th  a f ree sur face  in a conta iner ,  shock  waves  (Chu  
and  Y ing  (2)) resp .  hydrau l i c  jumps  (Verhagen and  Van  Wi jngaarden  (3)) a re  
fo rmed.  The  d i ss ipat ion  in these  d iscont inu i t ies  is ba lanced  by  the work  
done  by  the p i s ton  and  this ba lance  determines  the ampl i tude  of the osci l l -  
at ions. Be fore  proceed ing  we have  to conce ive  an  idea  how such  a ba lance  
is obta ined  in the case  of open  p ipes .  
2. The energy balande for  open pipes at resonance; conditions at open end. 
The occur rence  of shock  waves of apprec iab le  s t rength  is exc luded  by the 
presence  of the open end. They are not observed  in exper iments .  So 
here  ceases  the ana logy with the c losed  pipe. Cons ider  the exit  of the tube. 
( f igure 2) 
When air is sucked in the pipe the motion 
in the surrounding air is-as if a sink was 
/ "  l ocated  at the mouth of the pipe, 
\ 
Figure 2: Motion at open end, when air 
is sucked in the pipe. 
In the c lass ica l  theory  the same type of flow, with reversed  s ign of 
a r rows ,  is assumed when a i r  is f lowing out. The ve loc i ty  potent ia l  is found 
by match ing  the ve loc i ty  f rom a potent ia l  of the type (1.4)  with the ve loc i ty  
in the pipe. With an inv isc id  f luid this is a reasonab le  p ic ture  of the flow. 
A rea l  f luid however  i ssues  f rom the pipe as a jet of near ly  c i rcu la r  fo rm 
(f igure 3). The pressure  in the jet is very  near ly  equal  to ambient  p ressure .  
The d i f fe rence  between out-  and inf low is 
that dur ing inf low the reservo i rpressure  is 
constant ,  whereas  this var ies  dur ing out-  
_ /0=/6o flow, the mean value being of orcler Oo~ 2
aboveambientpressure  This  means  that a 
net amount  of energy  of o rder  po~aleaves the 
Figure 3: Motionat open end whenair is issuing. 
pipe per  unit t ime.  Equat ing  to the amount  of work de l ivered  by the p iston 
y ie lds  
po ~ _3 
po u ~ ~6, a ~ (2. 1) 
or 
~___ • l 
: 0( )2(ao%L)~. (2.2) 
With( f~/L )  2= 0(a /L )  this is (ef 1 .6 )smal le r  by a fac tor  of o rder  (a /L )  89 
th~ the ve loc i ty  fo l lowing f rom the balance between rad ia ted  energy  and 
work  done by the piston.  
Next we fo rmulate  the boundary  condi t ions  at x = 0 on the bas is  of the 
above given f low p ic ture .  
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F i rs t  we  d iscuss  the cond i t ions  at inf low, 
Ue  > 0. The  f low wil l  be as  sketched in 
~_ f igure  4. 
i_ 
I" 
12. 
e 
Figure 4: Sketch of flow at inlet of the 
pipe when air is coming in. 
Due to the sharp  edges  there  i s  separat ion  of the f low wi th  assoc ia ted  
eddy  fo rmat ion .  A f te r  cont rac t ing  the f low occup ies  the who le  c ross  sect ion  
at  s ta t ion  e.  For  our  purpose  we assume that  th i s  co inc ides  w i th  x = 0, 
that  i s  to say ,  we sha l l  neg lec t  the d i f fe rence  between x = 0 and the ac tua l  
locat ion  of e.  
To obta in  a re la t ion  at x = 0 between u e and Pe a momentum con-  
s iderat ion  i s  most  conven ient .  Cons ider  a cont ro l  sur face  as  in f igure  5. 
z ., 
i/ k 
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Figure 5: Controle volume for which momentum conservation is formulated. 
Conservat ion  of momentum in x d i rect ion yields 
+ 2 + pu.  i dV  = Po, (2.3) 
where  i is a unit  vector  in x -d i rec t ion .  The  in tegra l  can  by  mak ing  use  
of a ve loc i ty  potent ia l ,  de f ined  by  u = Ar  be wr i t ten  as  
8-~ Ou i dV = ~ pC d$ . i  ~ ~-~ r -~  dV .  (2 .4 )  
The first integral can be interpreted as the external mass  of air to be acceler- 
ated when the piston oscillates. The second integral is associated wlth radiated 
wave momentum.  For  our present purposes we neglect the radiation, being 
of negligible order of magnitude. The motion within the control vo lume is 
as if a sink of strength ~-R2Ue was located at the centre of the mouth, so 
r may  be  Ycr i t ten  as  
R2Ue 
r ~ 4r  (2 .5}  
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Due to symmetry ,  the sur face  of the la rge  sphere  does  not  cont r ibute  to 
the sur face  in tegra l  in  (2 .4 ) .  The  on ly  cont r ibut ion  s tems f rom the c ross  
sect ion  of the p ipe  ex i t  and is  
cTrR $ 0 
2 Dt (PeUe) '  
where  c is a constant  of unit  o rder .  
In t roduc ing  this in (2.5) y ie lds  
cR" ~ (PeUe) = u e 0. (2 .6 )  Pe + PeUe + 2 Ot Po, 
The prec i se  determinat ion  of c wou ld  requ i re  the so lut ion  of a ra ther  
difficult boundary  va lue  prob lem.  We can  however  avo id  this by  recogn iz ing  
that eventua l ly  the ins ta t ionary  te rm in (2. 6) determines  the "v i r tua l "  or  
ext ra  mass  of air to be  acce le ra ted  by  the piston.  Its effect is as if the 
p ipe  were  connected  w i th  an  env i ronment  of zero  mass  but  were  la rger  
w i th  an  amount  AL .  The  va lue  of AL  for  resonators  is d i scussed  at length  
in ref. 1 and  we shal l  in numer ica l  ca lcu la t ions  assume such  a va lue  for  
c that the ext ra  length  AL  is in agreement  w i th  measurements  repor ted  in 
ref. i. 
Whereas  (2.6) ho lds  when air is f l ow ing  into the p ipe,  we  have  at out f low 
s imply  
Pe = Po, Ue < O. (2. 7) 
We conc lude  this sec t ion  by  not ing  that Ray le igh  h imse l f  has  env isagedthe  
jet fo rmat ion  at outf low.  In sect ion  322  of re fe rence  1 he  wr i tes :  "It is 
c lear  that, if the fo rmat ion  of jets took  p lace  to any  cons iderab le  extent  
dur ing  the passage  of air th rough the mouths  of resonators  our  ca lcu la t ions  
os p i tch  wou ld  have  to be ser ious ly  mod i f ied" .  La ter  in the same sect ion  
he  conc ludes  by  assuming  jet fo rmat ion  as  un l i ke ly  because  "the near  agree-  
ment  between the observed  and  the ca lcu la ted  p i tch  is a lmost  a suff ic ient 
p roo f  of this". We shal l  see  that the occur rence  of jets at the out f low does  
not  affect the pitchof the resonator ,  but  on ly  the amplitude of the osci l lat ions,  
a quant i ty  difficult to measure  in Ray le igh 's  t ime.  
3, Calculation of the nonlinear oscillations. 
The conf igurat ion  be ing  as in f igure  i, the mot ion  is w i th  the symbo ls  used  
in the preced ing  sect ions  descr ibed  by  
+ (u + a) ~-~} u + 2a 
-- - -~- i  = O, (3.1) 
s ince  due  to the neg lec t  of the effects of v i scos i ty  and  heat  conduct ion  the 
gas  mot ion  is i sentrop ic .  
Because  a per turbat ion  method  in the phys ica l ,  o r  x-t, p lane  s tar t ing  
w i th  the l inear  approx imat ion  in wh ich  u = 0 and  a = ao leads  to s ingu lar  
behav iour  at resonance  we a t tempt  fo l low ing  ear l ie r  work  ( re fe rence  4) a 
per turbat ion  in the character i s t i c  p lane,  the character i s t i cs  ~ and  ~ be ing  
g iven  by  ( f rom 3, I) 
~---= (u + a) 
: (3 .3}  
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Along  the fi character i s t i cs  g iven  by  (3. 2) 
O..~_u =_ 2 8a 
8c~ %'-1 aa" 
whereas  a long  the ~ character i s t i cs  g iven  by  (3 3) 
0u _ 2 8a 
a~ ~-1  o8 
(3.4)  
(3.5) 
We labe l  the ~ character i s t i cs  w i th  the va lue  of t 
at the in tersect ion  w i th  the line x = 0 (see f igure  6), 
the ~ character i s t i cs  w i th  the va lue  of a at this in- 
tersect ion .  Hence  
,~ = /3 at x = 0 (3 .6 )  
= t a t  x = 0 (3 .  7)  
Figure 6: x, t plane with charac- 
teristics a and B. 
We expand u, a, x and  t in te rms*  of the smal l  quant i ty  
c = (~) 89 (3 .8 )  
whieh  i s  suggested  by the energy  cons iderat ions  in sect ion  2. (cf .  2 .2 )  
So we have  
u = cu 1 (~,~)  + c~u 2 C~,~) + . . . . . .  
a = a c + (a l (~,~)  + ~2a2(a ,~)  + . . . . . .  
x = Xo + cx 1 (~,~)  + c2x2 C~,~) + . . . . . .  
t = to + c t l  (~ ,~)  + c2t2 (a ,~)  + . . . . . .  
(3.9) 
(3.10) 
(3.11) 
(3.12) 
The boundary  cond i t ions  in the quas i - s teady  state are  in te rms of x and  t 
that  
u = -~ZwL sin wt at x = L + r  cos  tot (3 .13)  
and  the cond i t ions  (2.6)  and  (2.7)  at x = 0. 
In t roduc ing  
cR 
2L  - o-6 (3 .14)  
(2.6) can  be  wr i t ten  as  
2~ 2 
Ca__) r -1  -1 = pu + o~L a 
p p at (#u), ao 
where  use has been made of the isentropy to express  P/Pc in te rms of 
*' Pot the mathematical basis (convergence etc.) see Lin (4). 
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a/an .  The  r ight  hand  s ide  of th is  equat ion  is  obv ious ly  of  o rder  e 2. Ex -  
pand ing  the left hand s ide  w i th  he lp  of (3. 10) shows  that 
a 1 = 0 at G = ~, i f  u > 0. (3. 15) a 
Us ing  th is  resu l t  we f ind upon  co l lec t ing  te rms of o rder  c2: 
2a 2 Ul 2 (~L au t
T---'-~ = an an 8t  at 9e = 8,  i f  u > 0. (3. 15) b 
Expressed  in te rms of a I and a 2 the cond i t ion  (2. 7) is  
a a = a 2 = 0 at o~ = ~, i f  u < 0. (3 .15)  c 
The  procedure  now is  to inser t  (3. 7) - (3. 12) in the equat ions  (3 .2 )  - (3 .5 )  
and the boundary  cond i t ions  (3 .6 ) ,  (3 .7 ) ,  (3 .13)  and (3 .15)  9  
4. Zeroth approximation. 
Col lec t ing  l ike o rders  of c g ives  in the lowest  appr~ox imat ion  where  on ly  
te rms of o rder  c ~ are  re ta ined:  
3x o at  o Ox o Ot o 
with  the boundary  cond i t ions :  x o = O, to = ~ at ~ = 8- 
In tegrat ion  y ie lds  
a o 
Xo = -2- Ca-E), (4 .1)  
to "- 89 (4 .2 )  
5. First approximation. 
In the next  approx imat ion  te rms of o rder  ~I  a re  re ta ined .  The  equat ions  
are  
3x 1 8 t  1 
~a = an ~-~ + (ul + al) ' (5.1)  
8x 1 8t 1 ~to 
3"-~ = a o '~ + (nl - al) ~-~' (5. 2) 
8u 1 2 8a 1 
~ T-1  ~a (5 .3 )  
au  1 2 3 a 1 
at3 = T - i  a~ (5 .4 )  
Both fo r  (3 .15)  a and (3.15) c a 1 = 0 at  a = ~. Fur ther  i t  fo l tows  f rom (3 .6 )  
and (3. 7) that  t I = 0 at a ; 8.  
Hence  
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q at ~ = ~3 (5 ,6 )  
a 1 (5.7) 
Integrating (5. i) - (5.4) subjected to these conditions yields, A being a still 
undetermined function: 
ul = 89 ~A(o~) + A(~}}, (5 .8 )  
- -  {A( I (5.9) al T 
{ }] xl  : ~ 0 ,+z) (~-#)  A(#) A(~) , (5 .1o)  
B 
_ 1 [(3-T)f A(~)d~ + (#-~)~A(#) A(~)}] (5.11) t l  8ao - , 
(X 
The conditions (3.13) give us an important property of A. In the zeroth 
approximation the piston is according to (3, 13) and (4. i) located at 
= a -2L /a  o. Here u I must, on account of (3. 13), be zero, whence f rom 
(5 .8 )  
A(a)  + _A_(ot - 2__LL) = 0. (5 .12)  
a o 
Th is  re lat ion  has  a cent ra l  rS le  in the theory ,  express ing  that A is a 
symmetr ica l  per iod ic  funct ion  of ~ w i th  per iod  4L /a  o. In the first approx-  
imat ion  the p i s ton  pos i t ion  has  to be cor rec ted  wi th  u(o~), say,  so  that the 
p is ton  is at ~ = ~ - 2L /a  o + eu(a). The cont r ibut ion  of o rder  r to x there  
is on account  of (3. ii) and  (5. i0) 
Ox o ( -y+i )L  
A(~-~- -0 -  ~ ) - A (~)  ~'('~)~ + 8a ~ 
From (3. 13) it fo l lows  that this is zero .  We obtain, us ing  (4. i) and  (5 .12)  
u(~) - (T+I )L  A(cz)~ so that in the first approx imat ion  the p i s ton  is at 
2ao  2 
/~ = a 2L  e( 'Y+I)L A(~).  (5 .13)  
ao 2a  2 
O 
The in teres t ing  conc lus ion  f rom this sect ion  is that a cont inuous  osci l lat ing 
funct ion  A(~)  exists,  and  to fix ideas  wo can  on  account  of (5.8) identi fy 
A(~)  w i th  the first o rder  ve loc i ty  at the mouth  of the pipe, wh ich  obeys  all 
boundary  condi t ions .  
Excepted  for (5 .12)A(a)  is undeterminas  in the first o rder  approx imat ion .  
We proceed there fore  to the second order .  
6. Second approximation. 
We need only the equations for the R iemann invariants which are 
8u 2 2 aa 2 
(6.1) 
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8u 2 2 ~'a 2 
(6.2) 
I n tegrat ion  g ives,  in t roduc ing  the funct ions  B and  B* ,  
(6 .3)  
(6.4) 
The boundary  cond i t ion  in (3 .13) invo lves  s in tot. _At this moment  we have  
to express  that we  are  concerned  w i th  f requenc ies  near  resonance  and  
in t roduce ,  to o be ing  g iven  by  (i. 3), 
to = too + eto 1 : 2 L-- + ctoc  (6.5)  
The  p i s ton  pos i t ion  is g iven  by  (5.13).  The  second order  te rm of the 
ve loc i ty  there  is 
u2(a , a -  2L (T+._.~ A(cQ 2L 
~oo ) - 2ao~ ~- -  ~-a-~.  
Th is  express ion  must ,  f rom (3 .13) ,  equa l - toL  s in  tot, wh ich  is  in th is  
approx imat ion ,  by v i r tue  of  (4 .2) ,  (6 .5 )  and (5 .12) ,  the same as  too l  cos  
~0or Equat ing  both  express ions  resu l t s  with he lp  of  (5 .8 ) ,  (5. 12), and(5 .13)  
in 
l {  ~ } = %L cos %a. ~- B(a-  ) + B",-'(a) + (~+I )L  dA 2~---/-j--o a -a-~ (6 .6)  
Next  the cond i t ions  (3 .15)  must  be used .  The  change in s ign  of u is to 
o rder  c 2 determined  by  the change in s ign  of u I. We shal l  there fore  choose  
(3 .15)  b when u 1 (a,a)  is pos i t ive and  (3 .15)c  when U l (~,a  ) is negat ive .  In 
the latter case  a 2 = 0 and  f rom (6.4) it fo l lows  that 9 s ince  at ~ = ~3 u l (a ,~)  = 
n(a) (cf 5 s), 
B':-" = B for ~ such  that A (a )  *~ 0. 
For  A(a,) > 0 (3 .15)  b y ie lds  w i th  he lp  of (5.8) 
(6.7) 
4a 2 2aL  dA  2A  2 
7-1  ao da a o 
where  we have used  that  at a = ~, Ot d 
d~ 
In combinat ion  w i th  (6.3)  we  obta in  that 
2aL  dA 2A 2 
B* = B + + for  a such  that  A(a) > 0 (6 .8 )  
a o da ao ' 
7. The equat ion fo r  A (a) . 
In th is  sec t ion  we dea l  with the c ruc ia l  quest ion  how to obta in  an equat ion  
for the first o rder  so lut ion  A(oz). It is wor th  wh i le  to note  that the t rans i t ion  
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f rom one  boundary  cond i t ion  at x = 0 to another  in t roduces  d iscont inu i t ies  
in the second order  funct ion  B. The  f i rst  o rder  so lut ion A(~)  however  is 
cont inuous .  
Cons ider  some o! = o~ 1 such  that A(Otl) > 0. For  ~ = ~i  (6 .8)  ho lds  and  
subst i tu t ion  in (6 .6)  g ives  
1 _ _  _ _  _ _  + 
a o a o dol c{ m C~l a o 
d~x = + (T+I )L  A (~ l  ) (~.~a)_~ 1 tOoL cos Wo~ 1. 
2ao 2 - (7 .1)  
Next  we take ~ = ~1 - 2L /ao .  By  v i r tue of (5. 12) for this va lue  of o4A is 
negat ive  and  (6. 7) appl ies.  Subst i tut ion of (6. 7) in (6.6) g ives  w i th  he lp  of 
(5 .12)  
2L([. (T+I)L dA _ 
4L ) +B(~ 1 _ -~o' J  T 2--~o2 A(~I  ) (_d_~_)a~_r _ ~o L cos  wo~ 1. 89 B(%- a-T 
Subt ract ing  this resu l t  f rom (7. i) g ives  
A(~I)  2 
l {B(a l )  B (a l  - 4L )}  + c~L(~_~_ 
- ao -Go d~ ),=~+ ao - 2t0oL cos c0o~ 1. 
We cou ld  have  s tar ted  a lso w i th  assuming  A(ql )  < 0. Then  we arr ive ,  as 
may eas i ly  be ver i f ied,  at 
 89  - B (~ 1 - 4L )~ + o% d.A A(~I)2" - 2r cos  r I. 
ao  ] -Go (h--~-)~=~ - ao 
Both re la t ions  can be turned  in the equat ion  
 89  s{~-  4__L)]~ + ~ dA + AIAJ : 
a o J a o dot ao 2 woL cos r (7.3)  [ 
F ina l ly  we  es tab l i sh  a re la t ion  between B(o~) and  B(o~ - 4L /ao) .  Because  all 
quant i t ies  have  to be  per iod ic  wi th  per iod  2=/w, we have  at ~ = 
2= 
u(ot) = u (a + ---~). (7.4)  
Fur ther  at /3 = a 
u =cA+~2u 2. and--2~r =___2~ 2rct~ 
r o w r so  that by  v i r tue of (5. 12) (7.5) 
u( 2~) j -2~ dA 4L)-~ (7.6) 
,,__~ -- (A(,,) + ~2 ]. ~ ~-E+ u2(~- aoJ" 
Us ing  (6. 3), (6. 7), (6.8) and  the per iod ic  p roper t ies  of A (a)  expressed  by  
(5. 12) we  obta in  f rom (7.4) - (7.6) 
B(a)  - B (a -  4L )  = 2=w I dA  
~o 2 a ,~ (7 .7 )  
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Subst i tu t ing  of (7. 7) into (7. 3) g ives  the pr inc ipa l  resu l t  of this invest igat ion  
~o L "~'tol ( + , ) d_~ -~, IA I  to2 ~ + a o = 2~)oL cos  ~oO~. 
o 
I n t roduc ing  
~- = toO ~ 
A = (tooLao) 89 A*, 
th i s  may,  w i th  he lp  of (1. 3) be wr i t ten  as  
(7 .8 )  
(7.9) 
(7. lO )  
~-  + 89 A*  = cos  ( ,7 .11)  
A max imum of the ampl i tude  of -~* occurs  for  to__! - to o 2 " Accord ing  to ref. 
1 an  es t imate  for  the shift in f requency  w i th  respect  to to ~ is g iven  by  
AL  R 
L =0.6T .  
By v i r tue  of (i. 3) this cor responds  w i th  
too - (O 
- - - 0 . 6  R 
toO ~'  
Then,  remember ing  that to - ta = + eta I + . . . ,  we  have  to obta in  agreement  
to put  o 
I~ E.I. (7 .12)  ~= 1 .2~ 
(This ,  inc idental ly ,  y ie lds  the va lue  2 ,4  for  c in (3. 14)). 
Equat ion  (7.8)  can  not  be in tegrated  analyt ical ly ,  but  is in the fo rm (7. i i) 
su i ted  for  in tegrat ion  on  an  ana log  computer .  Some conc lus ions  can  be d i rec t ly  
d rawn f rom (7.8). To  fix ideas  we note  that at the p i s ton  where  ~ = o~ - 
2L /a  o + 0(r we  have  by  v i r tue  of (5. 9) and  (5 .12)  
a~ : v - i  _st(a) 
2 
Fur ther ,  f rom the i sent rop ic  re la t ion  (i. 5), 
Po _ 27 r  0(c2), so that 
Po T- 1 a o 
at  the p i s ton  
P - Po 
_- _ v ~ A(~)  + 0(~s) .  
Po ao 
From (4. i), (4.2), (5. i0) and  (5. i i) it fo l lows  that at the p i s ton  
o< = t +- -L  + O(c ) ,  
a o 
(7.13) 
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whence  up  till O(e 2) 
L) 
P - Po _ T eA( t+ao 
Po ao 
i 
When 
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dominates  and ,  mak ing  use  of  (1 .3 ) ,  
(7 .14)  
is suff ic ient ly la rge  the first te rm on the left hand  side of (7.8)  
we  obta in  
sin toa  
.A - o 
o- to 1 
+ 
2 too 
Subst i tu t ion  in (7 .14)g ives  w i th  a = t + L = t + --~ 
a o 2to o 
P-  Po 7 e 
- cos  too t. 
19o tol (7 
+ (7 .15)  
co  2 
Remember ing  that the p i s ton  d i sp lacement  is 5 cos  tot it fo l lows  that for 
f requenc ies  wel l  be low (in te rms of e) too the pressure  is at the p i s ton  
inphase  wi th  the d i sp lacement  and  at f requenc ies  wel l  above  ~o in ant iphase ,  
The  so lut ion (7 .15)  has  to match  w i th  the l inear  so lut ion (I. 2), Indeed,  
eva luat ion  of (I 2) in the ne ighbourhood of to L _ = g ives  
9 a o 2 
P - Po 
% 
C 
to I cos  to o t, 
which  ind icates  that the l inear  so lut ion  and  non l inear  so lut ion become 
ident ica l  far  enough f rom resonance .  
Whereas  l inear  theory  pred ic ts  an  infinite ampl i tude  at t0 = wo, the resul t  
of the present  theory  is that resonance ,  that is to say  max imum of the 
ampl i tude  of osci l lat ion, occurs  at a f requency  g iven  by  
(01 (7 
to o 2 ' (7 .16)  
w i th  a pressure  d i s turbance  
p-po  r Po = T e ~ sin ~o t sgn  (sin toot). (7. 17) 
Th is  resu l t  fo l lows  f rom (7.8) by  inser t ion  of (7. i0) and  by  mak ing  use  of 
(I. 3) and (7.14). 
At  resonance  there  is a phase  d i f fe rence  of ~-/2 between pressure  at the 
p is ton  and  p is ton  d i sp lacement .  For  those  va lues  of t for wh ich  sin too t = 0, 
dp  ~}- tends  to infinite va lues .  
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Th is  is an  ind icat ion  that the present  theory  has  to be  improved.  Near  
these  va lues  of t A is very  smal l  and  h igher  o rder  ef fects may be  of 
impor tance .  We have  neg lec ted  the d i f fe rence  between x = x e and  x = 0 (see 
f igure  4) in fo rmulat ing  the boundary  cond i t ion  at x = 0. A l so  we have  
app l ied  these  cond i t ions ,  for u e > 0 and  u e < o, to the approx imat ion  A > 0 
and  A < 0. Be fore  it becomes  wor th  wh i le  to car ry  out re f inements  of this 
type, it is necessary  to know to what  extent  the assumed boundary  con-  
dit ions rea l ly  apply.  M ix ing  of incoming  air w i th  air  just  i ssued  f rom the pipe,  
p rec i se  pos i t ion  of boundary  layer  separat ion  at the exit, may  s igni f icant ly  
affect the boundary  cond i t ion  at the exit. Be fore  a more  accurate  ana lys i s  
can  be  car r ied  out, exper imenta l  invest igat ion  of the cond i t ions  at the exit 
is needed.  
F ina l ly  a difficulty must  be  noted  occur r ing  w i th  the so lut ion  of (7. i i) 
on  the ana log  computer .  We are  in teres ted  in per iod ic  so lu t ions  because  
the who le  ana lys i s  per ta ins  to a quas i - s teady  state after a long  t ime has  
e lapsed .  Equat ion  (7 .11)  does  not  represent  the t rans ient  mot ion  in the 
p ipe  occur r ing  when the p i s ton  is s ta r ted  f rom rest.  
These  t rans ients  a re  of course  descr ibed  by  the equat ion  (3. i) but  not  by  
(7. i i) s ince  this equat ion  ho lds  on ly  for  the quas i - s teady  state. In car ry ing  
out the in tegrat ion  of (7 .11)  w i th  an  ana log  computer  so lu t ions  of the 
homogeneous  equat ion  will p lay  a rS le  because  one  has  to start  f rom a cer -  
tain initial va lue.  These  so lut ions  have  however  noth ing  to do  w i th  t rans ients  
of the phys ica l  phenomena in the pipe. How to get  r id  of these?  
Wr i t ing  (7 .11)  as 
dA A I AI gl  ~ + g2 = cos  (7.18) 
it fo l lows  that the so lut ion of the homogeneous  equat ion  can  impl ic i t ly  be 
g iven  by  
g2 d 'r t . (7.19) 
Because  g2 > 0, there  is no  difficulty for gl > 0. However  for gl < 0 
to 1 
(or ~ + ; < 0) (7 .19)  inc reases  exponent ia l l y  and  the so lut ion  obta ined  
w i th  the ana log  computer  is unstab le .  The  diff iculty is in the present  case  
avo ided  by  mak ing  use  of the fact that in a quas i - s teady  state chang ing  the 
s ign  of t means  on ly  chang ing  the phase .  S ince  it fo l lows  f rom (7 .18) that  
chang ing  the s ign of t and  that of gl has  the same effect, a so lut ion  for 
gl < 0 can  be obta ined  by  first seek ing  the so lut ion  for I gll- Le t  this 
so lut ion resu l t  in a pressure  at the p i s ton  w i th  phase  r /2  + @ wi th  respect  
to the p i s ton  d i sp lacement .  Then  the so lut ion  for gl has  the same ampl i tude  
but phase  r /2 -  ~] w i th  respect  to p i s ton  d i sp lacement .  In this way  the 
quas i - s teady  so lut ion for g l  < 0 was  obta ined.  
8. Comparison with experiments. 
Some exper iments  were  car r ied  out to ver i fy  the theory .  F rom these  we 
have  se lec ted  for p resentat ion  here  measurements  w i th  a pipe of L = 4 .82  
m,  2R  = 237 x 10-3m.  Dur ing  the measurements  the a tmospher ic  p ressure  
Po was  very  near ly  105 ~--m2, the temperature  291 ,8~ The  measurements  
were  car r ied  out w i th  a p i s ton  d i sp lacement  5 = 2, 55 x 10 .3 m.  F rom 
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these  va lues  we obta in  w i th  he lp  of (i. 3)~ (3 .8)  and  (7 .12) :  ~ = 2, 3 x 
10  "2, o- = i, 310 ~Oo = i i i ,  3 sec  "I 
A t  a number  of  va lues  of ~o near  ~o o the pressure  at the p i s ton  was  
recorded .  Wi th  the equ ipment  used  for  these  exper iments ,  it was  unfor -  
tunate ly  not  poss ib le  to measure  the very  smal l  p ressure  osc i l l a t ions  at 
the mouth  of the p ipe  and  to ver i fy  the assumed cond i t ions  there .  The  phase  
was  determined by  record ing  a l so  the path  of the p is ton .  A typ ica l  p ressure  
record ing  is shown in f igure  7. S ince  the d i sp lacement  of the p i s ton  was  
recorded  as  pos i t ive  when the p i s ton  moved towards  the open end ,  in fact  
(cf. fig. i) - x piston is recorded .  
"-, f 
\ \  \ 
/ 
, \ 
,, \ \ .  /_].. 
"-,,. \.,.~(j/ 
-2. 
L/~eorg_ ex_/2_erirnent. )...-->..._<---- 
,"/ . I '1  "",, \ba~k o f  
[ / ~ / -  
/ 
w 1 
Figure 7: Pressure distuxbance, measured at piston for ~ = 1.5~/ together with solution obtained with 
ca 
o 
analog computer. 
Equat ion  (7 .11)  was ,  with the per t inent  va lues  for  (y and to o so lved  on an 
ana log  computer .  For  this purpose  (7 .11)  was brought  in the fo rm 
dX I I g~-~-- + 0.1 X X = cosT ,  
g be ing g iven  by 
g = ( -~-+~)  ( )89 
101 too - 10 
In the example  o f  f igure  7 - -= - 1 .57  or  ( f rom 6 .5 )  ~ = 3 ,6  x 10 -2 
(Do too 
The va lue  of g here  is - 0 .52.  
The so lut ion  for  g = 0 .52,  obta ined  f rom the so lu t ion  for  g = 0 .52 by 
the method descr ibed  in the fo rego ing  sect ion ,  is shown a lso  in fig. 7. 
For  the purpose  of p resentat ion  the sca les  of the measurements  on the scope 
and of the numer ica l  so lut ion  are  brought  in agreement .  
In f igure  8 the ampl i tude  of the pressure  osc i l l a t ion  at the p i s ton  is g iven 
as percentage  of Po both f rom exper iment  and theory .  
In f igure  9 the phase  of the pressure  osc i l l a t ion  with respect  to p i s ton  
path  is  g iven,  as obta ined  f rom theory  and measurements .  
Because  the pressure  osc i l l a t ion  is not a pure  s ine,  the concept  of phase  
lag is not unambiguous .  Here  it is  based  on the d i f fe rence  J.n phase  between 
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Figure 8: Amplitude of pressure oscillation at the piston as funct ion - - .  Theory and experiment. 
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Figure 9: Phase of pressure oscillation with respect to piston path. Theory and experiment. 
the zero ' s .  F rom fig. 9 it fo l lows  that  in  the measurements  the phase  
d i f fe rence  is more  near  ~r/2 than  in  the theory .  
(dl 
On the bas is  of (7 .8 )  resonance  cou ld  be expected  at - 0 .65  or  
(d o 
tO (us ing  6 .5 )  - -  = 0. 985. The  measurements  g ive  at resonance  (max imum 
% 
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pressure  ampl i tude  )--w = 0. 98, so thatagreement  with the resonance  f requency  
g iven  by Ray le igh  (used  in  7 .12)  is  most  sa t i s fac tory .  
Concern ing  the ampl i tude  of osci l lat ion, it fo l lows  that there  is a d i f fe rence  
between theory  and  exper iment  at and  immediate ly  near  resonance .  Th is  
0p fact, together  wi th  the s ingu lar  behav iour  at resonance  of ~-  for  p - Po = 0, 
d i scussed  in sect ion  7, ind icated  that a more  accurate  account  shou ld  be g iven  
of the cond i t ions  preva i l ing  at the mouth  of the pipe. Whi le  these  cond i t ions  
a re  not  known exact ly  the present  theory  is able to pred ic t  the f requency  
and  the order  of magn i tude  of the resonance  osc i l lat ions adequate ly .  For  
many eng ineer ing  purposes  no  more  is needed.  
F ina l ly  someth ing  shou ld  be  sa id  about  v i scos i ty  effects. These  are  in- 
d i rec t ly  taken  into account  of course  in the fo rmulat ion  of the cond i t ions  
at the mouth  of the p ipe.  The  v i scos i ty  effects as  they are  represented  in 
the equat ion  of mot ion ,  a re  neg lec ted  in the presented  theory  s ince  they  
are  of h igher  o rder  in e. It may  be  however  that the smal l  phase  shift due  
to the act ion  of v i scos i ty  p lays  an  inpor tant  par t  in remov ing  the s ingu lar i ty  
ment ioned  above .  The  pursu ing  of this po int  is left for  future research .  
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